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Abstract
Let p be an odd prime and γ (k,pn) be the smallest positive integer s such that every integer is a sum
of s kth powers (mod pn). We establish γ (k,pn)  [k/2] + 2 and γ (k,pn)  √k provided that k is not
divisible by (p − 1)/2. Next, let t = (p − 1)/(p − 1, k), and q be any positive integer. We show that if
φ(t) q then γ (k,pn) c(q)k1/q for some constant c(q). These results generalize results known for the
case of prime moduli.
Video abstract: For a video summary of this paper, please visit http://www.youtube.com/watch?v=
zpHYhwL1kD0.
© 2008 Elsevier Inc. All rights reserved.
1. Introduction
For any positive integers m and k let γ (k,m) denote Waring’s number (mod m), the smallest
positive integer s such that every integer is a sum of s kth powers (mod m). It is plain that if
m has prime power factorization m =∏ji=1 peii then γ (k,m) = maxi γ (k,peii ) and so we may
restrict our attention to prime power moduli.
The case of prime moduli has been thoroughly studied and dates back to Cauchy [5], who
proved γ (k,p)  k for any prime p; see [8] for a further discussion of this case. Estimates for
γ (k,pn) date back to the work of Hardy and Littlewood on the classical Waring problem. They
established [11, p. 186, Theorem 12] the uniform upper bound γ (k,pn)  4k for any prime
power and for odd p the sharper bound
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(
k,pn
)
 p
p − 1k + 1; (1)
see also Landau [14, Kapitel 1, Satz 31]. This estimate is essentially best possible for arbitrary k.
Indeed, if p is odd and k = pe−1(p − 1) then every kth power (mod pe) is either 0 or 1, while if
k = pe−1(p − 1)/2 every kth power is either 0, 1 or −1 (mod pe), and so
γ
(
pe − pe−1,pn)= pe − 1 and γ
(
pe − pe−1
2
,pn
)
= 1
2
(
pe − 1), (2)
for any n  e. Similarly, for p = 2, as noted in the next paragraph, one has γ (k,2n) = 4k or
γ (k,2n) = 4k − 1 when k = 2e  4 and n e + 2. With the exception of these extremal cases,
the upper bound of Hardy and Littlewood can be substantially improved.
For p = 2, Subocz [17] determined the exact value of γ (k,2n). If k > 1 is odd then γ (k,2n) =
2 for n 2. Suppose k is even, say k = 2ek1 with e  1 and k1 odd. Then γ (k,2n) = 2n − 1 if
4 n e+ 2, and γ (k,2n) = 2e+2 if n e+ 3 and k  6. Small [15,16] had already treated the
cases k = 2 and 4: γ (2,22) = 3, γ (2,2n) = 4 for n 3, γ (4,23) = 7, γ (4,2n) = 15 for n 4.
Henceforth, we shall assume p is odd.
S. Chowla, Mann and Strauss [7], showed that for prime moduli we have the uniform bound
γ (k,p) [k/2] + 1,
provided that k is not divisible by p−12 when p is odd. Our first theorem generalizes this to prime
powers.
Theorem 1. For any k and odd prime power pn with k not divisible by p−12 , we have
γ
(
k,pn
)

[(
k,φ
(
pn
))
/2
]+ 2 [k/2] + 2.
For prime powers the extra 1 in the upper bound is sometimes needed. For example if p ≡
3 (mod 4) then γ (2,p2) = 3 since p cannot be represented as a sum of two squares (mod p2).
Indeed, x2 + y2 ≡ 0 (mod p) implies x ≡ y ≡ 0 (mod p) since (−1
p
) = −1, and so x2 + y2 ≡
0 (mod p2).
I. Chowla [6] showed that if p is odd and p−12 is not a divisor of k then γ (k,pn)  k0.88.
Dodson [10] sharpened this to γ (k,pn)  k7/8. Finally, Bovey [3] established
γ
(
k,pn
) k 12 +, (3)
for odd p with p−12 not dividing k. Here we eliminate the .
Theorem 2. For any k,n,p with p−12 not dividing k we have
γ
(
k,pn
) √k.
We also establish a more general result. Let t = (p − 1)/(p − 1, k) and φ(t) be the Euler-phi
function.
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
then
γ
(
k,pn
)
 c()k.
Theorem 2 is obtained on taking  = 1/2. Theorems 2 and 3 were proven by Cipra, Cochrane
and Pinner [8] for the case of prime moduli. Konyagin [13] was the first to obtain γ (k,p)  k
for t > c(). This result and Theorem 2 were conjectured by Heilbronn [12] for the case of prime
moduli. Heilbronn [12, Theorem 8] proved γ (k,p) t p1/φ(t).
As noted by Small [15,16] the main difficulty in going from representations of a number as a
sum of kth powers (mod p) to representations (mod pn) is in dealing with values of k divisible
by a power of p that prohibits the lifting of solutions. Small gives a procedure for determining the
value of γ (k,pn) and calculates the value for a number of special cases including k = 2 and 3.
The first case of special interest is the determination of γ (p,p2). Several authors (including the
present) independently discovered the bound,
γ
(
p,p2
)
 4, (4)
for any prime p; see Corollary 1. The earliest reference we could find is the work of
Bhaskaran [2]. (Small seemed to be unaware of this work and only proved a much weaker bound
for γ (p,p2).) The bound is also implicit in the work of Bovey [3], and rediscovered by Ben-
schop [1]. Voloch [18] verified that in fact γ (p,p2) 3 for p  211 except for p = 3,7,11,17
and 59. With a program in UBASIC we extended the range to p  1000 and found no further
exceptions.
Question. Do we have γ (p,p2) 3 for p > 59?
2. γ ∗(k,pn) and lemmas
For prime power moduli pn it is convenient to study the related quantity γ ∗(k,pn), the small-
est s such that every integer is a sum of at most s kth powers of integers coprime to p, that is,
the smallest s such that for any integer a the congruence
xk1 + xk2 + · · · + xks ≡ a
(
mod pn
) (5)
is solvable in integers xi with p  xi or xi = 0, 1  i  s, and x1 = 0. The following lemma is
well known.
Lemma 1 (Lifting lemma). Let k = pek1 with p  k1.
(i) Suppose p is odd. Then for any n e + 1 we have γ ∗(k,pn) = γ ∗(k,pe+1). More specifi-
cally, any solution (x1, . . . , xs) of (5) with p  xi for some i and n = e + 1 can be lifted to a
solution (mod pn) for any n e + 1.
(ii) Suppose p = 2. Then for any n e+2 we have γ ∗(k,2n) = γ ∗(k,2e+2), and the analogous
lifting statement holds.
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x1, . . . , xs be a solution of (5) with p  x1. We lift this to a solution (mod pn+1) by finding t such
that
(
x1 + tpn−e
)k + xk2 + · · · + xks ≡ a (mod pn+1)
or equivalently
(
xk1 + · · · + xks − a
)+ ktxk−11 pn−e ≡ 0 (mod pn+1).
Here we have used the fact that the multiplicity of p dividing j ! is less than j − 1 for j > 1,
and so the remaining terms in the binomial expansion vanish. Dividing by pn we obtain a linear
congruence (mod p) that is solvable for t .
When p = 2 extra care needs to be taken since the third term of the binomial expansion
k(k−1)
2 t
222(n−e)xk−21 does not vanish if n − e = 1. Thus we need the stronger assumption that
n e + 2. 
For odd p, the multiplicative group of units (mod pn), G(pn), is cyclic and so we have
Lemma 2. For any positive integer k and odd prime power pn we have γ ∗(k,pn) = γ ∗(d,pn)
where d = (k,pn−1(p − 1)). Moreover, if d  n then γ (k,pn) = γ (d,pn).
The second part of the lemma follows from the observation that if d  n and p | x then
xk ≡ xd ≡ 0 (mod pn).
Lemma 3. For any odd prime power pn and positive integer k we have
γ
(
k,pn
)
 γ ∗
(
k,pn
)
 γ
(
k,pn
)+ 1.
Proof. The first inequality is trivial. To obtain the second, we may assume by Lemma 2 that
k | pn−1(p − 1), say k = pek1 with 0  e  n − 1 and k1 | (p − 1). From the lifting lemma,
Lemma 1, we have γ ∗(k,pn) = γ ∗(k,pe+1), and so we may assume further that e = n − 1, that
is
k = pn−1k1 with k1 | (p − 1).
In this case k  pn−1  n and so p | xi implies that xki ≡ 0 (mod pn). It follows that γ ∗(k,pn) =
γ (k,pn) unless 0 has no nontrivial representation in less than or equal to γ ∗(k,pn) variables. In
this case, we represent −1 in a nontrivial manner and just add 1. 
The key lemma of this paper sharpens a result of Bovey [3, Theorem 1].
Lemma 4. Let p be a prime and k be a positive integer with k = pek1, where p  k1. Put γn =
γ (k,pn). In particular γ1 = γ (k1,p). Then:
(i) For any positive integer n, γn+1  (2γ1 + 1)γn + γ1.
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γ
(
k,pn
)
 1
2
[
(2γ1 + 1)n − 1
]
.
Proof. Let k = pek1 with p  k1 and γ1 = γ (k,p) = γ (k1,p) the latter equality following from
xp ≡ x (mod p) for all x. Put s = γn = γ (k,pn). If γn+1 = s the inequality in part (i) is im-
mediate. Otherwise, some integer is not a sum of s kth powers (mod pn+1). Letting m denote
the smallest positive such number, we have m − 1 is a sum of s kth powers (mod pn+1) and so
m = (m − 1) + 1 is a sum of s + 1 kth powers (mod pn+1). Thus the set of all sums of s + 1
kth powers (mod pn+1) has larger cardinality then the set of all sums of s kth powers, and so
there exist integers y1, . . . , ys+1 such that yk1 + · · · + yks+1 is not congruent to any number of the
form −xk1 − xk2 − · · · − xks (mod pn+1). On the other hand, since every value (mod pn+1) is of
the form u + pnv where u runs through a complete residue system (mod pn) and v a complete
residue system (mod p) we know there exist integers x1, . . . , xs and v0 such that
−(xk1 + xk2 + · · · + xks )+ pnv0 ≡ yk1 + · · · + yks+1 (mod pn+1).
Moreover, by our assumption on the yi we have p  v0. We see that pnv0 is a sum of (2s + 1) kth
powers. Since every integer (mod pn+1) is of the form u + pnv0v where u is taken (mod pn)
and v (mod p) we conclude that
γn+1  s + (2s + 1)γ1 = s(2γ1 + 1) + γ1 = γn(2γ1 + 1) + γ1. (6)
The inequality in part (ii) follows easily by induction on n. The case n = 1 is trivial. Assuming
the result for n we have
γn+1  γn(2γ1 + 1) + γ1  12
[
(2γ1 + 1)n − 1
]
(2γ1 + 1) + γ1 = 12
[
(2γ1 + 1)n+1 − 1
]
. 
Corollary 1. If p is an odd prime, k = pek1 with p  k1 and γ1 = γ (k1,p) then for any positive
integer n,
γ
(
k,pn
)
 1
2
[
(2γ1 + 1)min(e+1,n) + 1
]
.
Proof. If n  e + 1 the result follows immediately from Lemma 4(ii). If n > e + 1 and a ∈ Z
we start by obtaining a representation of a as a sum of s  12 [(2γ1 + 1)e+1 + 1] nonzero kth
powers (mod pe+1) using Lemmas 4 and 3. The result then follows from the lifting lemma,
Lemma 1. 
In comparison, Bovey [3] proved γ (k,pn)  12 (3γ1)min(e+1,n). If e = 1 and (k1,p − 1) = 1
so that γ1 = 1 then we get from Corollary 1, γ (pk1,pn) 4. If e = 1 and p > k41 so that γ1  2
(see e.g. [8]) then we have γ (k,pn)  12. Voloch [18, Lemma 3] obtained the sharper bound
γ (k,pn) 8 under the constraint e = 1, p max{27k6,13}.1
A. Alnaser, T. Cochrane / Journal of Number Theory 128 (2008) 2582–2590 25873. Proof of Theorem 1
As noted above, the slightly stronger inequality
γ
(
k,pn
)
 k
2
+ 1 (7)
was established by S. Chowla, Mann and Strauss [7] when n = 1 and so we assume n 2. First
we treat the case k = pn−1k1 with k1 | (p − 1), k1  p−13 , and prove that (7) holds. In particular
p  5. If k1 = 1 then by Lemma 4(ii), γ (k,pn) 12 (3n − 1) 12pn−1 + 1 = k2 + 1 unless p = 5,
n = 2. A computer search shows γ ∗(5,52) = 3, so the inequality is still valid. If k1 = 2 then p 
7 and γ1 := γ (2,p) = 2. Thus by Lemma 4(ii), γ (k,pn) 12 (5n −1) pn−1 +1 = k2 +1 unless
(p,n) = (7,2), (7,3) or (11,2). One checks on a computer that γ ∗(14,49) = 7, γ ∗(22,121) = 6
and then by Lemma 2 and the recursion Lemma 4(i), γ (98,73) = γ (14,73) 7 ·5+2 = 37, and
so again the result holds.
Next we prove that for k1  3 and n 2 we have γ (k1pn−1,pn) k/2. Since p−1 3k1  9
and k1 | (p − 1) we have p  13; there is no such k1 when p = 11. Now by Lemma 4(ii) and the
fact that γ1 = γ (k1,p) k1/2 + 1 we have
γ
(
k,pn
)
 1
2
((
2(k1/2 + 1) + 1
)n − 1) 1
2
(k1 + 3)n.
If k1 = 3 we get γ (k,pn) 12 6n  32pn−1 = k/2, since p  13. Suppose k1  4 so that 713 (k1 +
3) k1. Now k1  p−13 implies that
k1+3
p
 713 and so
γ
(
k,pn
)
 1
2
(k1 + 3)(k1 + 3)n−1  12 (k1 + 3)
(
7
13
)n−1
pn−1  1
2
(
7
13
)n−2
k.
Finally, let k = k1pe, be an arbitrary value with (p, k1) = 1, p−12  k1 and put k′1 = (k1,p−1),
e′ = min(e, n − 1). Then for any n 1 we have by Lemma 2,
γ
(
k,pn
)= γ (k1pe,pn) γ ∗(k1pe,pn)= γ ∗(k′1pe′ ,pn).
By Lemmas 1 and 3 and inequality (7) from the first case above we then have
γ
(
k,pn
)
 γ ∗
(
k′1pe
′
,pe
′+1) γ (k′1pe′,pe′+1)+ 1 12k′ + 2,
where k′ = k′1pe
′ = (k,φ(pn)).
4. Proofs of Theorems 2 and 3
We shall prove the following result.
Theorem 4. Let q be a positive integer and put t = (p − 1)/(p − 1, k). If φ(t)  q then
γ (k,pn) C(q)k1/q , for some constant C(q).
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To prove the theorem we start by generalizing two lemmas of Bovey [4, Lemmas 3, 5]. For
any n-tuple u = (u1, . . . , un) ∈ Rn let ‖u‖1 =∑ni=1 |ui |.
Lemma 5. Let a1, . . . , an,m be integers with m > 0 and gcd(a1, a2, . . . , an,m) = 1, and let
T : Zn → Z be the linear function T (u) =∑ni=1 aiui . Suppose that v1, . . . , vn ∈ Zn are linearly
independent vectors with T (vi) ≡ 0 (mod m), 1  i  n. Then for any integer a there exists a
vector u ∈ Zn with T (u) ≡ a (mod m) and ‖u‖1  12
∑n
i=1 ‖vi‖1.
Proof. Since gcd(a1, . . . , an,m) = 1 there exists w ∈ Zn with T (w) ≡ a (mod m). Say w =∑n
i=1 xivi for some xi ∈ R, 1  i  n. Now xi = yi + i for some yi ∈ Z and i ∈ R with|i | 1/2, 1 i  n. Put u =∑ni=1 ivi = w−∑ni=1 yivi . Then T (u) ≡ a (mod m) and ‖u‖1 
1
2
∑n
i=1 ‖vi‖1. 
The next lemma generalizes Heilbronn’s inequality [12, Theorem 8] from p to pn.
Lemma 6. For any positive integer t there is a constant c1(t) such that if k = k1pn−1 with
k1 | (p − 1) and (p − 1)/k1 = t , then
γ
(
k,pn
)
 c1(t)pn/φ(t).
Proof. We start by proving the same upper bound for the “easy” Waring’s number δ(k,pn)
defined to be the minimal s such that every integer is a plus–minus sum of at most s kth powers
(mod pn), that is
±xk1 ± xk2 ± · · · ± xks ≡ a
(
mod pn
)
is solvable for all a. Let t = (p − 1)/k1 and put r = φ(t). Let R be a primitive t th root of one
(mod pn), Φt(x) be the t th cyclotomic polynomial over Q of degree r and ω be a primitive t th
root of unity over Q. In particular, Φt(R) ≡ 0 (mod pn) and the set of kth power units (mod pn)
is just {1,R,R2, . . . ,Rt−1}. Let f : Zr → Z[ω] be given by
f (x1, x2, . . . , xr ) = x1 + x2ω + · · · + xrωr−1.
Then f is a one-to-one Z-module homomorphism.
Consider the linear congruence
x1 + Rx2 + R2x3 + · · · + Rr−1xr ≡ 0
(
mod pn
)
. (8)
By the box principle, we know there is a nonzero solution of (8) in integers v1 = (a1, a2, . . . , ar )
with |ai | pn/r , 1 i  r . For 2 i  r − 1 set vi = f −1(ωi−1f (v1)). Then v1, . . . , vr form a
set of linearly independent solutions of (8) and so by Lemma 5 for any a ∈ Z there is an r-tuple
of integers u = (u1, . . . , ur ) such that
u1 + u2R + u3R2 + · · · + urRr−1 ≡ a
(
mod pn
)
,
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∑r
i=1 |ui | 12
∑r
i=1 ‖vi‖1. Thus δ(k,pn) 12
∑r
i=1 ‖vi‖1. Now plainly ‖vi‖1 t pn/r , in-
deed, as shown in [4], ‖vi‖1  r(A(t) + 1)rpn/r , where A(t) is the maximal absolute value
of the coefficients of Φt(x). Thus δ(k,pn) t pn/r . Now γ (k,pn)  (t − 1)δ(k,pn) since
−1 ≡ R + R2 + · · · + Rt−1 (mod pn), and so the lemma follows. 
Proof of Theorem 4. We may assume k = k1pn−1, with k1 | (p − 1). The theorem was estab-
lished in the case n = 1 in [8, Theorem 1]; say
γ (k,p) cqk1/q, (9)
for some constant cq , whenever φ(t) q . In [9] the value c2 = 83 is obtained.
Suppose first that p > 3qcqqk1. Put γ1 = γ (k1,p). Then by Lemma 4(ii) and (9) we have
γ
(
k,pn
)
 1
2
(
(2γ1 + 1)n − 1
)
 (3γ1)n  3ncnqk
n/q
1 = 3ncnqk
n−1
q
1 k
1/q
1
and it follows from k1 < p/(3qcqq ) that
γ
(
k,pn
)
 3ncnq
(
p
3qcqq
) n−1
q
k
1/q
1 = 3cq
(
pn−1k1
)1/q = 3cqk1/q .
Suppose next that p  3qcqqk1, so that t = p−1k1  3qc
q
q . Put
c∗(q) = max
t3qcqq
c1(t),
where c1(t) is as given in Lemma 6. Then by Lemma 6 and the assumption r = φ(t)  q , we
have
γ
(
k,pn
)
 c1(t)pn/φ(t)  c∗(q)pn/q = c∗(q)p
n−1
q p1/q
and thus from p  3qcqqk1,
γ
(
k,pn
)
 c∗(q)p
n−1
q 3cqk1/q1 = 3c∗(q)cqk1/q . 
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